In this correspondence, using group actions, we introduce a new method for constructing partial geometric designs (sometimes referred to as 1 1 2 -designs). Using this new method, we construct infinite families of partial geometric designs with new parameters by investigating the actions of various linear groups of degree two on certain subsets of F 2 q . Moreover, by computing the stabilizers of such subsets in various linear groups of degree two, we are also able to construct an infinite family of balanced incomplete block designs with new parameters.
Introduction
Combinatorial designs are an important subject of combinatorics intimately related to finite geometry [2] , [9] , [14] , [18] , with applications in statistics and experiment design [3] , [12] , coding and information theory [1] , [10] , [13] , [15] , and cryptography [8] , [22] , [26] .
Recent literature shows an increased interest in the study of partial geometric designs. Since their concurrence matrices have three eigenvalues (with one equal to zero), partial geometric designs provide a partial solution to Bailey's well-know question [6] concerning when the concurrence matrix of a connected binary equireplicant proper incomplete block design has exactly three eigenvalues. Olmez, in [23] , introduced a method related to difference sets for constructing symmetric partial geometric designs, and in [21] , Nowak, Olmez and Song generalized this to a method based on difference families. Brouwer, Olmez and Song, in [5] , showed that directed strongly regular graphs can be constructed from partial geometric designs. In [24] , Olmez showed how partial geometric designs can be used to constructed plateaued functions, in [25] , Olmez investigated the link between partial geometric designs and three-weight codes, and in [20] , Nowak and Olmez constructed partial geometric designs with prescribed automorphisms.
One classical method for constructing combinatorial designs is to use group actions [2, p. 175] . Interestingly, the difficulty in using this method is not in satisfying the conditions required for the existence of a combinatorial design (in fact, these conditions are often easily satisfied), but in computing the parameters of the design. Some good examples of infinite families of designs obtained using this method can be found in [7] , [16] , [17] . In this correspondence, using group actions, we introduce a new method for constructing partial geometric designs and, using this new method, we construct new infinite families of partial geometric designs by investigating the actions of matrix groups of degree two on certain subsets of F 2 q . Our construction method not only generalizes those of partial geometric difference sets [23] and partial geometric difference families [21] (as our method need not be that of a group acting on itself, but could also be that of a group acting on an arbitrary set), but also generalizes the classical method [2, p. 175] for constructing combinatorial designs from group actions. Moreover, by computing the stabilizers of certain subsets of F 2 q in various linear groups of degree two, we are also able to construct an infinite family of balanced incomplete block designs with new parameters.
The remainder of this paper is organized as follows. Section 2 recalls several preliminary concepts that will be used throughout the sequel. In Section 3 we introduce a new method for constructing partial geometric designs based on group actions. In Section 4 we construct infinite families of partial geometric designs with new parameters using the new method. Section 5 concludes the paper as well as discusses some directions for further work.
Preliminaries

Finite incidence structures
A (finite) incidence structure is a triple (V, B, I) such that V is a finite set of elements called points, B is a finite set of elements called blocks, and I (⊆ V × B) is a symmetric binary relation between V and B. Since, in the sequel, all incidence structures (V, B, I) are such that B is a collection (i.e., a multiset) of nonempty subsets of V , and I is given by membership (i.e., a point p ∈ V and a block B ∈ B are incident if and only if p ∈ B), we will denote the incidence structure (V, B, I) simply by (V, B). An incidence structure that has no repeated blocks is called simple. All of the incidence structures discussed in the sequel are also assumed to be simple.
A t-(v, k, λ) design (or t-design, for short) (with 0 < t < k < v) is an incidence structure (V, B) where V is a set of v points and B is a collection of k-subsets of V such that any t-subset of V is contained in exactly λ blocks [2] . In the literature, t-designs with t = 1 are often referred to as tactical configurations, and those with t = 2 are often referred to as balanced incomplete block designs. We will denote the number of blocks of an incidence structure by b, and the number of blocks containing a given point u ∈ V by r u , and when (V, B) is a tactical configuration, simply by r. Then the identities bk = vr, and r(k − 1) = (v − 1)λ restrict the possible sets of parameters of 2-designs. Let (V, B) be a tactical configuration where |V | = v, each block has cardinality k, and each point has replication number r. We call a member (u, B) of V × B a flag if u ∈ B, and an antiflag if u / ∈ B. For each point u ∈ V and each block B ∈ B, let s(u, B) denote the number of flags (w, C) ∈ V × B such that w ∈ B \ {u}, u ∈ C and C = B. If there are integers α and β such that
as (u, B) runs over V × B, then we say that (V, B) is a partial geometric design with parameters (v, k, r; α, β) [4] , [19] .
Group actions
Let V be a set of v elements with v ≥ 1, and G be a permutation group on V . For x ∈ V and g ∈ G, we will denote g(x) by x g . For subsets S ⊆ V and E ⊆ G, we will use the following abuses of notation:
When E is a subgroup of G, then x E is called the E-orbit of x, and S E is simply the union of E-obits of members of S. Also, assuming E is a subgroup of G, a (right) transversal of E in G, is a subset of G which meets each (right) coset of E in exactly one point. Finally, we define the (setwise) stabilizer,
We say G is transitive on V if for each pair x, y of distinct elements of V , there exists a member g ∈ G such that x g = y. We say G is t-transitive on V if for each pair of ordered t-subsets T, T ′ ⊆ V there exists a member g ∈ G such that T g = T ′ , and we say that G is t-homogeneous if for each pair of (unordered) t-subsets T, T ′ ⊆ V there exists a member of G sending the former to the latter.
The following theorem describes a classical method for constructing t-designs by group actions.
Lemma 2.1.
[2] Let V be a set of v ≥ 1 elements, and G a permutation group on V . Let D be a k-subset (k ≥ 2) of V with at least two elements. If G is t-homogeneous on V (and
Cyclotomic classes and cyclotomic numbers
In this section we will need some facts about cyclotomic classes and cyclotomic numbers. Let q = ef +1 be a prime power, and γ a primitive element of the finite field F q with q elements. The cyclotomic classes of order e are given by D It is obvious that there are at most e 2 different cyclotomic numbers of order e. When it is clear from the context, we will denote (i, j) e simply by (i, j).
We will need to use the cyclotomic numbers of order 2.
Lemma 2.2.
[27] For a prime power q, if q ≡ 1 (mod 4), then the cyclotomic numbers of order two are given by
If q ≡ 3 (mod 4) then the cyclotomic numbers of order two are given by
Partial Geometric Designs from Group Actions
The following provides a method for constructing partial geometric designs from group actions.
Theorem 3.1. Let V be a set of v elements where v ≥ 1, and G be a permutation group acting transitively on
Suppose that for each i, 1 ≤ i ≤ n, and for each x ∈ V , there are constants α and β such that 
is a tactical configuration with replication number r and b blocks follows immediately from Lemma 2.1 and the fact that unions of disjoint block sets of tactical configurations, each having the same point set and block cardinality, is again a tactical configuration whose replication number is the sum of the replication numbers of the individual tactical configurations. We need only show that the partial geometric property holds.
Then we can, without loss of generality, take B = S i . If we suppose that x ∈ S i , then the number of flags (y,
and, if we suppose that x / ∈ S i , then the number of flags (y,
The following corollary follows immediately from Theorem 3.1.
Corollary 3.2. Let V be a set of v elements where v ≥ 1, and G be a permutation group acting transitively on V . Let S be a k-subset (k ≥ 2) of V such that for each x ∈ V , there are constants α and β such that
The following points out some feasibility conditions for the parameters of partial geometric designs constructed via Theorem 3.1.
Proposition 3.3. Let V be a set of v elements where v ≥ 1, and G be a permutation group acting transitively on V . Let S = {S 1 , ..., S n } be a family of k-subsets of V satisfying the conditions of Theorem 3.1. Then
Proof. Part (i) follows from a remark on page 3 of [28] , and part (ii) follows follows immediately from Lemma 3.12 of [19] .
Partial Geometric Designs from Linear Group Actions
Let q be a prime power, and let SL 2 (q) (resp. GL 2 (q)) denote the special linear group (resp. general linear group) of degree two over F q , i.e. the set of all 2 × 2 matrices over F q with determinant equal to one (resp. with nonzero determinant). Group actions will be given by right multiplication, and the reader should note here that both SL 2 (q) and GL 2 (q) are transitive on F 2 q \ {0}. For a subgroup G of GL 2 (q), we will use the following notation:
Constructions from SL
For the remainder of this section we define
We will need the following lemmas.
Proof. We will denote D(q) simply by D. First suppose that
Fix x = (x 1 , x 2 ) ∈ D so that we have
If the entries of g are all nonzero, then we can choose x 1 , x 2 ∈ F * q so that ax 1 + cx 2 = 0 from from which comes x g / ∈ D. If g ∈ SL 2 (q) (12) , so b = 0, then again we can choose x 1 , x 2 ∈ F * q so that ax 1 + cx 2 = 0 and we will have x g / ∈ D. The other cases where only one entry of g is equal to zero can be shown similarly.
Proof. Notice there are (q − 1) 2 choices for entries a and d of an arbitrary matrix g = a b c d ∈ GL 2 (q) with no entry equal to zero. For each of these choices there are (q − 1) 2 − (q − 1) choices for entries b and c that give g a nonzero determinant. Thus,
Now consider the map
The map is clearly well-defined. The fiber mapping onto
which can be written as
Thus, the cardinality of each fiber is q − 1.
) is a (q 2 −1, (q−1) 2 , q(q−1)/2; α, β) partial geometric design with q(q + 1)/2 blocks, where
Proof. Again we will denote D(q) simply by D. The fact that (
configuration with replication number r = q(q − 1)/2 is immediate from Lemma 2.
Suppose that
Notice that for each u ∈ F * q we have that the first coordinate of (ux 1 , ux 2 ) g is zero. This gives q − 1 members x ′ ∈ D such x ′g ∈ {0} × F * q . A similar argument shows that there are another q − 1 members x ′′ ∈ D such that x ′′g ∈ F * q × {0}. This gives us that |D g ∩ D| = (q − 1) 2 − 2(q − 1). Now suppose that g ∈ SL 2 (q) (12) . If
then for each u ∈ F * q , we have that (ux 1 , ux 2 ) g ∈ {0}×F * q . This implies that |D g ∩D| = (q−1) 2 −(q−1). 
= SL 2 (q) (22) , we have that the number of blocks D g containing x, where g ∈ SL 2 (q) (12) , is given by |SL 2 (q) (12) 
A similar argument shows that the number of blocks D g containing x, where g ∈ SL 2 (q) (21) , is also (q − 1)/2. Thus, the number of blocks D g containing x, where g ∈ SL 2 (q) (ij) for i, j ∈ {1, 2}, is given by q − 1. The remaining r − (q − 1) = (q − 1)(q − 2)/2 blocks containing x are those blocks D g where g has no entry equal to zero.
We have thus shown that for each x ∈ F 2 q \ {0},
The result now follows from Corollary 3.2.
We give the following examples for small q. We also have the following corollary.
2 ; α, β) partial geometric design with q(q + 1)/2 blocks, where
Proof. An argument similar to that given in the proof of Lemma 2.2 shows that GL 2 (q) D(q) = GL 2 (q) (+) ∪ GL 2 (q) (−) . The rest of the details, which we leave to the reader, are similar to those of the proof of Theorem 4.3.
Constructions from subgroups of SL
is a special case of standard cyclotomy [11] , often referred to as the twin prime cyclotomy, and has been extensively studied [10] , [29] in relation to other combinatorial objects such as almost difference sets. Also, we will denote the l-th cyclotomic class D (2,q) l of order two simply by D l . We will need the following lemmas. Lemma 4.6. Let q be a prime power. The stabilizer of both D(q) and D ′ (q) in SL 2 (q) is given by
Proof. Denote D(q) and D ′ (q) by D and D ′ , respectively. We will compute the stabilizer for D. That for D ′ can be computed similarly. First suppose that
If g ∈ SL 2 (q) (+) then we can write g =
i.e., suppose that
. We will show that g / ∈ SL 2 (q) D by considering the moduli of κ 1 and κ 2 .
Suppose that κ 1 ≡ κ 2 ≡ 0 (mod 2). We will show that there exists a j ≡ 0 (mod 2) such that 1 + γ i 3 −i 1 +j ∈ D l and 1 + γ i 3 −i 1 +j ∈ D l+1 . Suppose there is no such j, i.e., for all j ≡ 0 (mod 2) we have {γ −j + γ 
and
Thus, by Theorem 5.4 of [10] we have |A|, |B| ∈ {(q − 5)/4, (q − 1)/4}, and by (1) and (3) we have |A| = |B|. Thus, again we have |D 0 | = (q − 3)/2, a contradiction. Now suppose that one of κ 1 , κ 2 is ≡ 0 (mod 2) and the other is not. Now we want to choose a j ≡ 0 (mod 2) such that {1 + γ Now let g ∈ SL 2 (q) (12) and suppose that
i.e. suppose that 1+γ
. But notice there always exists a j ≡ 0 (mod 2) such that 1 + γ i 3 −i 1 +j ∈ D 1 , otherwise we would have γ −j + γ i 3 −i 1 ∈ D 0 for all j ≡ 0 (mod 2), or, in other words, letting x = γ i 3 −i 1 , we would have u + x ∈ D 0 for all u ∈ D 0 , which implies that D 0 = D 0 + x, a contradiction. Thus, we must have g / ∈ SL 2 (q) D . The other cases where exactly one entry of g is equal to zero can be shown similarly.
The proof of the following lemma is straightforward, and so is omitted.
Lemma 4.7. The following relations hold:
= SL 2 (q) (11) , SL 2 (q)
= SL 2 (q) (21) ,
= SL 2 (q) (22) , SL 2 (q)
= SL 2 (q) (12) .
Lemma 4.8. Let q ≡ 3 (mod 4) be a prime power, and let (11) and log γ (g 21 g 22 ) ≡ 1 (mod 2), or if g ∈ SL 2 (q) (22) and log γ (g 11 g 12 ) ≡ 1 (mod 2), q−3
Remark 4.1. One can easily compute SL 2 (q)
for all i, i ′ , j, j ′ ∈ {1, 2} by using Lemma 4.7 combined with the fact that SL 2 (q) −1
(ii) = SL 2 (q) (jj) whenever i = j. Also, using Lemmas 4.7 and 4.8 together with the above mentioned fact, one can readily compute |S 1 ∩ S g 2 | for all S 1 , S 2 ∈ {D(q), D ′ (q)} and all g ∈ SL 2 (q).
Remark 4.2. According to our numerical results, the incidence structure
) is a partial geometric design; however, to compute the quantities Proof of Lemma 4.8. Denote D(q) resp. D ′ (q) by D resp. D ′ . We will show two representative cases. The other cases are almost identical.
Then by Lemma 2.2 we have (11) . Then
We are now ready to give our second construction of partial geometric designs.
Theorem 4.9. Let q ≡ 3 (mod 4) be a prime power. (21) ) are both (q(q − 1), (q − 1) 2 /2, q − 1; ρ, ρ + 1) partial geometric designs each having 2q blocks, where ρ = (q − 1) 2 (q − 3)/4.
Proof. Denote D(q) and D ′ (q) by D and D ′ , respectively. We will show only the former. The latter follows by symmetry. It is clear that SL 2 (q) (12) is transitive on (12) ) is a tactical configuration with 2q blocks replication number q − 1 follows from the fact that each of ( (12) ) and ( (12) ) is tactical configuration (whose block sets are disjoint) with q blocks and replication number (q − 1)/2 by Lemma 2.1. We need only show that the partial geometric property holds.
Let x ∈ F * q ×F q . Suppose x / ∈ D. We count the number of blocks in (12) \{D} containing x such that |D g ∩ D| = (q − 3)(q − 1)/4. If g ∈ SL 2 (q) (12) and x ∈ D g then, by Lemma 4.8, |D g ∩ D| = (q − 3)(q − 1)/4. If x ∈ D ′g then by Lemmas 4.7 and 4.8 we have
where g ′ ∈ SL 2 (q) (22) . Also notice that if x / ∈ D then either x ∈ {0} × F * q , or x ∈ D ′ . If the former holds, then x = (0, γ j ) for some j, and we have, for g ∈ SL 2 (q) (22) and
Thus, if x ∈ {0} × F * q , then |D g ∩ D| = |D ′g ∩ D| = (q − 3)(q − 1)/4 for all g ∈ SL 2 (q) (12) such that x ∈ D g . Then we have
If the latter holds, then x = (γ i , γ j ) where i + j ≡ 1 (mod 2). Let g ′ ∈ SL 2 (q) (22) with g ′ 11 g ′ 12 ≡ 0 (mod 2), and let y = (γ l , γ l ′ ) ∈ D. We can, without loss of generality, assume that l = 0. Then we have that
With x fixed, if we let y run over D, and let g ′ run over {g ∈ SL 2 (q) (22) | log γ (g 11 g 12 ) ≡ 0 (mod 2)}, we can see that the number of solutions to (3), since
, is given by the number of pairs (u,
SL 2 (q) (12) ,
Also, if x ∈ D, we can also deduce that
A similar argument shows that (4) and (5) (12) ) is a (110, 36, 10; 200, 201) partial geometric design with 22 blocks.
We have the following corollary which shows that the parameters of the partial geometric designs obtained after replacing SL 2 (q) by GL 2 (q) in Theorem 4.9 are unchanged. Its proof involves tracking the steps of that for Theorem 4.9, and so is briefly summarized. (21) ) are both (q(q − 1), (q − 1) 2 /2, q − 1; ρ + 1, ρ) partial geometric designs, each having 2q blocks, where ρ = (q − 1) 2 (q − 3)/4.
Proof. Again denote D(q) and D ′ (q) by D and D ′ , respectively. We first show that the stabilizer of both D and D ′ in GL 2 (q) D ′ is given by 
If g ∈ GL 2 (q) (+) then we can write g = γ i 1 0 0 γ i 2 whence x g = (γ i+i 1 , γ j+i 2 ) ∈ D if and only if
The cases where g ∈ a b c d ∈ SL 2 (q) | a, b, c, d = 0 , and where g ∈ GL 2 (q) (i ′ j ′ ) (for some i ′ , j ′ ∈ {1, 2}) are identical to those shown in the proof of Lemma 4.6 where the stabilizer of D in SL 2 (q) is computed. The result then follows from an analogous series of arguments similar to those made in the proof of Theorem 4.9 after making the appropriate adjustments required when SL 2 (q) is replaced by GL 2 (q).
A family of balanced incomplete block designs
Let SA 2 (q) denote the special affine group of degree two over F q . Note that SA 2 (q) can be identified with the semidirect product SL 2 (q) ⋉ F 2 q with group operation given by (g, x) · (g ′ , y) = (gg ′ , gy + x) for (g, x), (g ′ , y) ∈ SL 2 (q) ⋉ F 2 q . Group actions here will be given by x (g,z) = xg + z for x ∈ F 2 q and (g, z) ∈ SA 2 (q), and the reader should note that SA 2 (q) is 2-homogeneous on F 2 q . Again let D(q) = {(γ i , γ j ) ∈ F 2 q | i + j ≡ 0 (mod 2)}. q . Now suppose that (g, z) ∈ SA 2 (q) D for some g ∈ SL 2 (q) (+) , and z = (z 1 , z 2 ) = 0 (we can, without loss of generality assume that z 2 = 0). Then we must have that (1, γ j ) (g,z) ∈ D for all j ≡ 0 (mod 2). Then (1, γ j ) (g,z) = (1, γ j ) γ i 1 0 0 γ i 2 + (z 1 , z 2 ) = (γ i 1 + z 1 , γ i 2 +j + z 2 ) ∈ D.
Then we must have that log γ (z 2 + γ i 2 +j ) ≡ log γ (z 1 + γ i 1 ) (mod 2) for all j ≡ 0 (mod 2). But such a statement was already shown to be absurd in the proof of Theorem 4.6. If g ∈ SL 2 (q) (−) (for the case where q ≡ 1 (mod 4)), then we can reach a similar contradiction. The result then follows from 
Concluding Remarks
In this correspondence we investigated a new method for constructing partial geometric designs based on group actions. We used this new method to construct infinite families of partial geometric designs with new parameters from the actions of degree-two linear groups on certain subsets of F 2 q such as (but not limited to) the twin prime cyclotomy. Moreover, by computing the stabilizers of such subsets of F 2 q , we also were able to construct a family of balanced incomplete block designs with new parameters. Some possible directions for further work include: (i) investigating the actions of degree-two linear groups on higher order standard cyclotomies (as were introduced in [11] ), (ii) computing the quantities |S 1 ∩ S 
